
Travel time calculation in regular 3D grid in local 
and regional scale using fast marching method

Abstract
Local and regional 3D seismic velocity models of crust and 
sediments are very important for numerous technics like 
mantle and core tomography, localization of local and regio-
nal events and others. Most of those techniques require cal-
culation of wave travel time through the 3D model. This can 
be achieved using multiple approaches from simple ray tra-
cing to advanced full waveform calculation. In this study 
simple and efficient implementation of fast marching 
method is presented. This method provides more informa-
tion than ray tracing and is much less complicated than me-
thods like full waveform being the perfect compromise. Pre-
sented code is written in C++, well commented and is easy 
to modify for different types of studies. Additionally perfor-
mance is widely discussed including possibilities of mul-
tithreading and massive parallelism like GPU. Source code 
will be published in 2016 as it is part of the PhD thesis. Na-
tional Science Centre Poland provided financial support for 
this work via NCN grant DEC-2011/02/A/ST10/00284.
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The theory
All calculations in my implementation are done according 
to Sethian & Popovici 1999, Chopp 2001 and Popovici & 
Sethian 2002.
The eikonal equation states:

where T is traveltime and c is wave velocity. 
The equation above can be rewritten as:

where s is slowness and D are proper coefficients depen-
ding on coordinate system chosen:

Solution to this equation is easy to calculate because for 
each max() in equation we get one or none element depen-
ding on data availability (see step by step example). For 
example, if we would like to calculate traveltime in grid cell 
knowing time in previous cell in x and y direction:

We get simple quadratic equation with easy solution:

As final solution we take:

This equation is solved at least once for every grid cell in the 
model. 

162 void calculate(int y, int x, int z, double *lat, double *lon, double *H, float *time, bool

*accepted, float *MODELVPF, std::priority_queue<NB, std::vector<NB>, CompareTime>

&narrow_band)

↪→

↪→

163 {

164 double dy, dx, dz;

165 double r;

166 double u = NAN;

167 double u1, u2;

168

169 if(accepted[sub2ind(y, x, z)] == 0 && MODELVPF[sub2ind(y,x,z)] > 0)

170 {

171 if(y > 0 && y < size_y && x > 0 && x < size_x && z > 0 && z < size_z )

172 {

173 dy = deg2rad(0.01);

174 dx = deg2rad(0.02);

175 dz = 10.0;

176 r = 6371000 + H[z];

177

178 Neighbour ny = GetNeighbours(y, x, z, 1, time, accepted, lat, H);

179 Neighbour nx = GetNeighbours(y, x, z, 2, time, accepted, lat, H);

180 Neighbour nz = GetNeighbours(y, x, z, 3, time, accepted, lat, H);

181

182

183 double a = ny.a + nx.a + nz.a;

184 double b = ny.b + nx.b + nz.b;

185 double c = ny.c + nx.c + nz.c - 1/pow(MODELVPF[sub2ind(y,x,z)],2);

186

187 double delta = sqrt(pow(b,2) - 4*a*c);

188 u1 = (-b - delta) / (2*a);

189 u2 = (-b + delta) / (2*a);

190 u = std::max(u1,u2);

191

192 if (time[sub2ind(y,x,z)] > u || time[sub2ind(y,x,z)] == 0)

193 {

194 time[sub2ind(y,x,z)] = u;

195 narrow_band.push(NB(sub2ind(y,x,z),u));

196 }

197 }

198 }

199 }

200

201 int main(int argc, const char * argv[])

202 {

203 double *H = (double*) malloc(size_z*sizeof(double));

204 double *lon = (double*) malloc(size_x*sizeof(double));

205 double *lat = (double*) malloc(size_y*sizeof(double));

206 unsigned char *MODEL = (unsigned char*) malloc(size_x*size_y*size_z*sizeof(unsigned

char));↪→

207 float *MODELVPF = (float*) malloc(size_x*size_y*size_z*sizeof(float));

208 bool *accepted = (bool*) malloc(size_x*size_y*size_z*sizeof(bool));

209 float *time = (float*) malloc(size_x*size_y*size_z*sizeof(float));;

210 std::priority_queue<NB, std::vector<NB>, CompareTime> narrow_band;

211

212 int y, x, z;

213

214 ReadData(lat, lon, H, MODELVPF, MODEL);

215

216 int total_to_calculate = 0;

217 for(int i = 0; i < size_y*size_x*size_z; i++)

218 {

219 if(MODELVPF[i] > 0)

220 {

221 total_to_calculate++;

222 }

223 }

224

225 // Source location

226 z = 245 - 1;

227 y = 539 - 1;

228 x = 193 - 1;

229

230 time[sub2ind(y, x, z)] = 10e-10;

231 accepted[sub2ind(y, x, z)] = 1;

232

233 clock_t begin_time = clock();

234 clock_t part_time = clock();

235 int number_off_accepted = 0;

236 float last_time = 0;

237 double goal = total_to_calculate;

238 double last_compute_time = 0;

239 while(number_off_accepted < goal - 1)

240 {

241 if(((float( clock () - part_time ) / CLOCKS_PER_SEC) > 1) ||

((number_off_accepted/goal) > 0.9995))↪→

242 {

243 last_compute_time =float( clock () - part_time ) / CLOCKS_PER_SEC;

244 double time_to_go = 0;

245 if(last_compute_time > 0)

246 {

247 time_to_go = ((goal - number_off_accepted) /100000)

*last_compute_time;↪→

248 }

249 printf("compleated: %3.5f (%3.2f%%)\tpart time: %3.5f\ttotal time:

%09.5f\testimated time to go: %06.2f\tNB: %08d\n", last_time,

((double)number_off_accepted/(double)goal)*100.0,

last_compute_time, float( clock () - begin_time ) / CLOCKS_PER_SEC,

time_to_go, int(narrow_band.size()));

↪→

↪→

↪→

↪→

250 part_time = clock();

251 }

252 calculate(y + 1, x, z, lat, lon, H, time, accepted, MODELVPF, narrow_band);

253 calculate(y - 1, x, z, lat, lon, H, time, accepted, MODELVPF, narrow_band);

254 calculate(y, x + 1, z, lat, lon, H, time, accepted, MODELVPF, narrow_band);

255 calculate(y, x - 1, z, lat, lon, H, time, accepted, MODELVPF, narrow_band);

256 calculate(y, x, z + 1, lat, lon, H, time, accepted, MODELVPF, narrow_band);

257 calculate(y, x, z - 1, lat, lon, H, time, accepted, MODELVPF, narrow_band);

258

259 if(narrow_band.size() == 1)

260 {

261 break;

262 }

263

264 while(time[narrow_band.top().index] != narrow_band.top().time ||

accepted[narrow_band.top().index]==1)↪→

265 {

266 narrow_band.pop();

267 }

268

269 accepted[narrow_band.top().index] = 1;

270 number_off_accepted++;

271 time[narrow_band.top().index] = narrow_band.top().time;

272 last_time = narrow_band.top().time;

273 ind2sub(narrow_band.top().index, y, x, z);

274 narrow_band.pop();

275 }

276

277 for(int i = 1; i < size_x*size_y*size_z; i++)

278 {

279 if(accepted[i] == 0)

280 {

281 time[i] = 0;

282 }

283 }

284

285 FILE *fptr;

286 fptr = fopen("/Volumes/RAM/time_5000.bin", "wb");

287 fwrite(time, size_x*size_y*size_z*sizeof(float),1,fptr);

288

289 free(H);

290 free(lon);

291 free(lat);

292 free(MODEL);

293 free(MODELVPF);

294 free(accepted);

295 free(time);

296

297 return 0;

298 }

1 #include <iostream>

2 #include <stdio.h>

3 #include <stdlib.h>

4 #include <math.h>

5 #include <deque>

6 #include <vector>

7 #include <algorithm>

8 #include <ctime>

9 #include <queue>

10

11 #define pi 3.14159265358979323846

12

13 int size_x = 536;

14 int size_y = 631;

15 int size_z = 6261;

16

17 int sub2ind(int y, int x, int z)

18 {

19 return y + (x)*size_y + (z)*size_x*size_y;

20 }

21

22 void ind2sub(int n, int &y, int &x, int &z)

23 {

24 y = (n - 1) % size_y + 1;

25 n = (n - y)/size_y +1;

26

27 x = (n - 1) % size_x + 1;

28 n = (n - x)/size_x +1;

29

30 z = (n - 1) % size_z + 0;

31 x--;

32 }

33

34 struct NB

35 {

36 int index;

37 float time;

38

39 NB(int a, float b) : index(a), time(b) {}

40 };

41

42 struct CompareTime

43 {

44 inline bool operator() (const NB& s1, const NB& s2)

45 {

46 return(s1.time > s2.time);

47 }

48 };

49

50 struct Neighbour

51 {

52 double a;

53 double b;

54 double c;

55

56 Neighbour(double a, double b, double c) : a(a), b(b), c(c) {}

57 };

58

59 double deg2rad(double deg)

60 {

61 return deg * (pi / 180);

62 }

63

64 void ReadData(double *lat, double *lon, double *H, float *MODELVPF, unsigned char *MODEL)

65 {

66 FILE *fptr;

67 const clock_t begin_time = clock();

68

69 std::cout << "Reading H\t\t\t";

70 fptr = fopen("H.bin", "rb");

71 fread(H, size_z*sizeof(double),1,fptr);

72 std::cout << "done\n";

73

74 std::cout << "Reading lat\t\t\t";

75 fptr = fopen("lat.bin", "rb");

76 fread(lat, size_y*sizeof(double),1,fptr);

77 std::cout << "done\n";

78

79 std::cout << "Reading lon\t\t\t";

80 fptr = fopen("lon.bin", "rb");

81 fread(lon, size_x*sizeof(double),1,fptr);

82 std::cout << "done\n";

83

84 std::cout << "Reading MODEL\t\t";

85 fptr = fopen("MODEL.bin", "rb");

86 fread(MODEL, size_x*size_y*size_z*sizeof(unsigned char),1,fptr);

87 std::cout << "done\n";

88

89 std::cout << "Reading MODELVPF\t";

90 fptr = fopen("MODELVPF.bin", "rb");

91 fread(MODELVPF, size_x*size_y*size_z*sizeof(float),1,fptr);

92 std::cout << "done\n";

93

94 std::cout << "Reading compleated in " << float( clock () - begin_time ) /

CLOCKS_PER_SEC << "\n";↪→

95 }

96

97 Neighbour GetNeighbours(int y, int x, int z, int direction, float *time, bool *accepted, double

*lat, double *H)↪→

98 {

99 int diry = 0;

100 int dirx = 0;

101 int dirz = 0;

102

103

104 double dy = deg2rad(0.01);

105 double dx = deg2rad(0.02);

106 double dz = 10.0;

107 double r = 6371000 + H[z];

108

109 double element = 0;

110

111 if(direction == 1)

112 {

113 diry = 1;

114 element = r*dy;

115 }

116 else if (direction == 2)

117 {

118 dirx = 1;

119 element = r*cos(deg2rad(lat[y]))*dx;

120 }

121 else if ( direction == 3)

122 {

123 dirz = 1;

124 element = dz;

125 }

126

127 double up = 0;

128 if(accepted[sub2ind(y+diry,x+dirx,z+dirz)] == 1 &&

accepted[sub2ind(y-diry,x-dirx,z-dirz)] == 1)↪→

129 {

130 if(time[sub2ind(y+diry,x+dirx,z+dirz)] <= time[sub2ind(y-diry,x-dirx,z-dirz)])

131 {

132 up = time[sub2ind(y+diry,x+dirx,z+dirz)];

133 }

134 else

135 {

136 up = time[sub2ind(y-diry,x-dirx,z-dirz)];

137 }

138 }

139 else if(accepted[sub2ind(y+diry,x+dirx,z+dirz)] == 1 &&

accepted[sub2ind(y-diry,x-dirx,z-dirz)] == 0)↪→

140 {

141 up = time[sub2ind(y+diry,x+dirx,z+dirz)];

142 }

143 else if(accepted[sub2ind(y+diry,x+dirx,z+dirz)] == 0 &&

accepted[sub2ind(y-diry,x-dirx,z-dirz)] == 1)↪→

144 {

145 up = time[sub2ind(y-diry,x-dirx,z-dirz)];

146 }

147

148 double a = 1 / pow(element,2);

149 double b = (-2*up) / pow(element,2);

150 double c = pow(up,2) / pow(element,2);

151

152 if(up > 0)

153 {

154 return Neighbour(a,b,c);

155 }

156 else

157 {

158 return Neighbour(0,0,0);

159 }

160

161 }

The simplest source code exampleTraveltime calculation step by step

Our 3D model
This implementation was prepared to work with 3D P-wave ve-
locity model of Poland (Grad et. al 2015). The model covers 
area of Poland from topography to 60 km deep. Total grid size 
is 631 x 536 x 6261 (2.117.570.376) cells. In 1.390.642.955 
P-wave velocity is provided. To allow simpulation model has to 
be converted to convex shape.

Code efficiency
Single simulation provides traveltime to all grid cells in the 
model for given source location. Source can be located in one 
or more grid cells with proper time. For example, an interface 
can be assumed as source for reflected wave. 
Single simulation requires about 20GB of operating memory 
and takes 2 hours to complete. By average about 200.000 grid 
cells are calculated every second on modern workstation. 
This result can still be improved depending on expected result.
Unfortunately, due to algorithm construction it is not possible 
to migrate to GPU.  

Example result
The code was used to calculate traveltime from source located 
on surface in northern Poland (location of one of our tempora-
ry broadband stations). Travel time to all grid cells was calcula-
ted and time at surface is presented on left map below. Right 
map shows traveltime from the same source calculated using 
1D IASP reference model. 

Both map look very similar (this tells that the code is working), 
however their mathematical difference show influence of 3D 
structures:

This schematic shows how traveltime is being propagated through 
the model. Each grid cell is assigned in to one of three states: accep-
ted (green), narrow band (yellow) and far (white). At the beginning 
one grid cell is accepted – the source with time 0.0s. Every time grid 
cell is accepted all close neighbors get their travel time calculated (6 
neighbors in 3D, 4 in 2D) and marked as narrow band. Grid cell might 
have its time recalculated if it has been previously marked as narrow 
band. After all neighbors have been calculated the cell with minimal 
time is accepted and process continues. 

This listing presents the simplest implementation of 
traveltime calculation using fast marching method. 
This 300-line code is fully functional and very e�cient. 
It’s limited to only �rst approximation �nite di�erence 
coe�cient and has all parameters hard coded. Full 
code has about 1000 lines and will be published soon. 
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